ABSTRACT: Under favourable conditions, many proteins can assemble into macroscopically large aggregates such as the amyloid fibrils that are associated with Alzheimer's, Parkinson's and other neurological and systemic diseases. The overall process of protein aggregation is characterized by initial lag time during which no detectable aggregation occurs in the solution and by maximal aggregation rate at which the dissolved protein converts into aggregates. In this study, the correlation between the lag time and the maximal rate of protein aggregation is analyzed. It is found that the product of these two quantities depends on a single numerical parameter, the kinetic index of the curve quantifying the time evolution of the fraction of protein aggregated. As this index depends relatively little on the conditions and/or system studied, our finding provides insight into why for many experiments the values of the product of the lag time and the maximal aggregation rate are often equal or quite close to each other. It is shown how the kinetic index is related to a basic kinetic parameter of a recently proposed theory of protein aggregation.
A wide range of different proteins unrelated in their amino acid sequence have been shown to convert into large ordered aggregates known as amyloid fibrils that are associated with various neurological and systemic diseases. [1] [2] [3] Amyloid fibrils have common characteristic optical properties such as birefringence on binding of certain dyes including
Congo red and thioflavin-T. 1,2 Also, X-ray diffraction experiments revealed that amyloid fibrils share a common cross-β structure formed of intertwined layers of β-sheets that are oriented parallel to the fibril elongation axis. 4, 5 Protein aggregates may form in a nucleatedmediated manner, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and the overall aggregation process is characterized by an initial lag vs.-t coordinates, the normalized fluorescence signal α that describes the course of the process of protein aggregation with time t often has a sigmoidal shape (see, e.g., Refs. 19, 20) . The curve in Fig. 1 shows this signal in overall aggregation of β 2 -microglobulin (β 2 m). 19 There are several ways of defining the lag time and the aggregation rate. For example, in the experiments of Xue et al. 19 and Routledge et al. In this study we use concepts from the theory of overall crystallization (e.g., Ref. 31) in order to describe the kinetics of overall aggregation of proteins into amyloid fibrils or other aggregates. In particular, our aim is to provide insight into the reason for which the product a l k t seems to be much less system-specific than the individual values of
For analysis of kinetic € α(t) data for overall protein aggregation (see Fig. 1 ) we propose the use of the following general fitting function:
Here α, a number between 0 and 1, denotes any normalized experimental observable that increases with the fraction of protein converted into amyloid fibrils or other aggregates. The normalized fluorescence signal is an example for such an observable. Also, € θ (s) is the aggregation time constant determining the time scale of the overall aggregation process, and € n ≥ 1 is the aggregation kinetic index pointing how long it takes (in units of θ) for the process to be accomplished after the lag time. Geometrically, n characterizes the steepness of the linear portion of the
coordinates: the greater n, the steeper this portion.
The above fitting function is in fact a rather general form of the ) (t α function in the Kolmogorov-Johnson-Mehl-Avrami (KJMA) theory of overall crystallization (see, e.g., Ref.
31), in which α is the fraction of the total volume or mass crystallized. We note also that for n, the time constant θ varies widely (e.g., from seconds to days) with changing the process conditions, because it is very sensitive to the crystallite nucleation and growth rates.
Using the above fitting function, we define € k a as the maximal rate of aggregation and, hence, determine it from the slope of the € α(t) curve at the inflection point
Also, the time intercept of the tangent to the
where (2) and (3), we find that (
As seen, individually, the values of € k a and € t l are functions of both n and θ, whereas the product
with a given by (
depends solely on the kinetic index n. This explains why (6) and (7). In contrast, since the kinetic index n is not too sensitive to these conditions, a from Eq. (9) alters relatively little. This is seen in Fig. 2 in which the lines depict the ) (n a dependence from Eq. (9).
We shall now illustrate this dependence by analyzing a certain number of the many experimental ) (t α curves of Xue et al. 19 and Routledge et al. 20 Let us now use the expressions
of Knowles et al. 21 in order to see how the aggregation time constant θ and kinetic index n are related to the kinetic parameters κ and + C of these authors' model of the overall process of protein fibrillation. In Eqs. (10) and (11) 
This transcendental algebraic equation for n represents implicitly the ) ( + C n dependence corresponding to Knowles et al.'s model. 21 Explicitly, this dependence is readily obtainable, but only approximately. Indeed, employing the truncated series expansion
, to a good approximation (the error is less than 13% when 2 ≥ n ), from Eq. (12) we find that
For unseeded fibrillation, the expression for . 30 As to the dependence of θ on κ and + C , setting equal the right-hand sides of Eqs. (6) and (10) results in the expression ( (14) in which + C is implicit via n from Eq. (12). With increasing n the factor n n en
expression tends to unity and can be omitted. Thus, using n from Eq. (13), we find that for
, the explicit dependence of θ on κ and + C is approximately given by
the error being less than 27% when
Comparing Eqs. (13) and (15), we see that while the particular protein system and aggregation conditions affect relatively little the kinetic index n (only logarithmically via + C ), they exert a much stronger influence on the time constant θ because of the inverse proportionality of θ to the rate κ of multiplication of the fibril population.
In conclusion, the above analysis shows that, strictly, the value a of the a l k t product is not a universal number independent of the various protein systems and experimental Equations (12) and (14) 
